Abstract. The Iwasawa theory of CM fields has traditionally concerned Iwasawa modules that are abelian pro-p Galois groups with ramification allowed at a maximal set of primes over p such that the module is torsion. A main conjecture for such an Iwasawa module describes its codimension one support in terms of a p-adic L-function attached to the primes of ramification.
Introduction
Iwasawa theory studies the growth of Selmer groups in towers of number fields. In the commutative setting, these towers have Galois groups isomorphic to Z r p for some r ≥ 1, and their Iwasawa algebras are isomorphic to a power series ring in r variables over Z p . The Selmer groups are typically attached to Galois-stable lattices in Galois representations that come from geometry. The local conditions defining the Selmer groups are chosen so that one obtains in the limit a finitely generated torsion module over the Iwasawa algebra. In many instances, one can construct a power series that gives rise to a p-adic L-function attached to the lattice and the Selmer conditions: we refer to this power series as a p-adic L-function by abuse of terminology.
In what is known as a main conjecture, the p-adic L-function is conjectured to generate the characteristic ideal of the Iwasawa module.
The paper [2] took the point of view that the characteristic ideal of a finitely generated Iwasawa module is the first in a series of Chern classes. The nth Chern class provides a measure of the support of a module with annihilator of height at least n. For instance, the first Chern class of a finitely generated torsion module is simply the divisor defining its characteristic ideal. The paper opened up a new avenue of exploration by relating the second Chern class of an unramified Iwasawa module over the Z 2 p -extension of an abelian extension of an imaginary quadratic field to the support of the ideal generated by two coprime Katz p-adic L-functions.
The aim of this paper is to demonstrate that higher Chern classes of Iwasawa modules can be related to p-adic L-functions in a far more general context. We extend the results of [2] to general CM fields while simultaneously removing what appeared to be two serious limitations of our methods. The first of these was that the Iwasawa module was assumed to be pseudonull in order to study its second Chern class. While expected, this hypothesis has not been proved and may not be true in more general situations. The second and more serious limitation was that we needed the larger p-ramified Iwasawa module to have rank one over the Iwasawa algebra. Higher degree CM fields, for instance, have p-ramified Iwasawa modules of higher rank.
The main results of this paper relate higher Chern classes of quotients of exterior powers of p-ramified Iwasawa modules over multiple Z p -extensions of finite abelian extensions of CM fields to invariants that are given by Katz p-adic L-functions if the relevant CM main conjectures hold.
The key invariant of a finitely presented Iwasawa module M that we consider is the nth Chern class t n (M ) of the maximal submodule T n (M ) of M that is supported in codimension at least n. That is, we define t n (M ) to be the formal sum t n (M ) = P length(T n (M ) P ) [P] over the prime ideals P of height n in the Iwasawa algebra. In the case that M = T n (M ), this is the nth Chern class c n (M ) of M considered in [2] . The invariant t 1 (M ) is naturally identified with the characteristic ideal of the torsion submodule of M , matching the classical definition.
Two observations allow us to work with higher degree CM fields. To simplify the discussion, assume for the moment that p splits completely in the CM field. The first observation is that the Iwasawa module unramified at all but one prime of a (p-adic) CM type does in fact have rank one. We can use it to study the second Chern class of an Iwasawa module also unramified at the missing prime and its conjugate. In this case, there are two corresponding Katz p-adic Lfunctions, and we can again relate the second Chern class of our Iwasawa module to the support of the ideal they generate. Though we restrict ourselves here to classical Iwasawa modules for which the Galois representation is one-dimensional, this approach applies in considerably greater generality. This is already evidenced by the recent preprint of Lei and Palvannan on Selmer groups of supersingular elliptic curves [10] .
On the other hand, the method of reduction to rank one is still limited in terms of the pairs of p-adic L-functions that can be considered. That is, the two p-adic L-functions in the case just described are attached to two CM types that differ only by a single prime. To go further, we flip the usual approach by starting with two p-adic L-functions attached to CM types and looking for a corresponding arithmetically interesting, pseudo-null Iwasawa module. Our second observation is that we can find such a module as a quotient of the top exterior power of an Iwasawa module unramified outside a set of primes over p that properly contains a CM type.
The quotient is by top exterior powers of composites of inertia groups at certain of the primes.
The idea of taking top exterior powers figures prominently in Stark's conjectures, in which one considers the top exterior powers of isotypic components of unit groups in order to arrive at regulators which are related to the special values of derivatives of Artin L-series. It also figures heavily in equivariant formulations of main conjectures using determinants, as in the work of Fukaya and Kato [4] .
Let us now turn to details of our work. Let p be an odd prime. Let E be a CM field of degree 2d. We no longer assume p splits in E, but we do suppose that each prime over p in the maximal totally real subfield E + of E splits in E. In this case, we can relate our Iwasawa modules to p-adic L-functions by assuming the relevant Iwasawa main conjectures.
Let F be a finite abelian extension of E of degree prime to p containing the pth roots of unity.
Let K be the compositum of F with all of the Z p -extensions of E, and let Γ = Gal(K/F ) and G = Gal(K/E). Let Σ be a subset of the set of primes of E over p. We consider the Σ-ramified Iwasawa module X Σ that is the Galois group over K of the maximal unramified outside of Σ abelian pro-p extension of K. Then Γ is isomorphic to Z r p for some integer r ≥ d + 1, where r = d + 1 if the Leopoldt conjecture is true. Let ψ : ∆ = Gal(F/E) → W × be a p-adic character, where W denotes the Witt vectors of an algebraic closure F p of F p .
, which is a power series ring in r variables over W . We are interested in the
→ W induced by ψ, which is to say the ψ-isotypical component of X Σ (or more precisely of its completed tensor product with W ).
The module X ψ Σ is always a finitely generated Λ-module. Let S f be the set of all primes over p in E. A p-adic CM type is a subset of S f which contains exactly one prime of each conjugate
. Suppose now that Σ is a p-adic CM type. Then one has a power series L Σ,ψ ∈ Λ that gives rise to a certain Katz p-adic L-function attached to Σ and ψ. Hida and Tilouine [7] showed that X ψ Σ is Λ-torsion and stated an Iwasawa main conjecture that says that the first Chern class (i.e., characteristic ideal) of X ψ Σ is generated by L Σ,ψ . They proved an anticyclotomic variation of this conjecture under certain hypotheses. Work of Hsieh [8] shows that the characteristic ideal of X ψ Σ is divisible by L Σ,ψ under certain assumptions. In particular, this relates the codimension one support of the algebraically defined module X ψ Σ to that of the analytically defined module Λ/(L Σ,ψ ).
Suppose that we now start with a set S of primes over p that can be written as a union of two distinct CM types S 1 and S 2 . Let θ be a greatest common divisor in Λ of L S 1 ,ψ and L S 2 ,ψ .
We do not know of an example in which θ is a non-unit, though we suspect that such examples might exist. For further discussion of a case in which S 1 = S 2 , see [6] . The first Chern class of the quotient Λ/(L S 1 ,ψ , L S 2 ,ψ ) is the ideal Λθ. Our interest in this paper is the more subtle information contained in the analytically defined pseudo-null module
We aim to relate the codimension two support of the module (1.1) to that of some naturally defined algebraic modules, as was done in [2] for imaginary quadratic fields E under the assumption of coprimality of L S 1 ,ψ and L S 2 ,ψ . However, a new issue occurs when E is an arbitrary CM field rather than an imaginary quadratic field. Namely, the Λ-rank ℓ of the module X ψ S may now be larger than 1. In this case, the first Chern class of X ψ S i for i ∈ {1, 2} is insufficient to identify, up to errors supported in codimension greater than 2, the Λ-submodule I ψ T i of X ψ S generated by inertia groups at primes over T i = S − S i .
A key observation concerning this issue is that the ℓth exterior powers of X ψ S and the I ψ T i are indeed rank one Λ-modules. We therefore replace the quotient
in the imaginary quadratic setting by the exterior quotient
where
S by its Λ-torsion submodule. The quotient (1.2) can be studied by an extension of the method of [2] . We will compare the second Chern classes of the maximal pseudo-null submodules of (1.2) and of Λ/(L S 1 ,ψ , L S 2 ,ψ ). Moreover, we show that the hypothesis that L S 1 ,ψ and L S 2 ,ψ are coprime made in [2] is unnecessary, by considering maximal pseudo-null submodules.
For a compact Λ-module A, we let A(1) be the Tate twist of A by the cyclotomic character of Γ. Let A ι denote the Λ-module which as a topological Z p -module is A and on which γ ∈ Γ now acts by γ −1 , and define
ℓ A denote the ℓth exterior power of A over Λ, and we let Fitt(A) denote the 0th Fitting ideal of A if A is finitely generated.
We will prove a generalization of the main result of [2] on second Chern classes. Write S c for the set of primes over p not in S. Then X
is a torsion Λ-module because S c is contained in a CM type of primes over p. To simplify statements, we suppose in our results in this introduction that ψ (resp. ωψ −1 ) is nontrivial on all decomposition groups in ∆ at primes p ∈ S (resp. p ∈ S). ). In this setting, one can also replace W with any compact Z p -algebra containing the values of ψ, as W is only used so that Λ contains the relevant p-adic L-functions. In Theorems 5.6 and 5.8, we remove the assumptions on the nontriviality of ψ (resp. ωψ −1 ) on the decomposition groups in ∆ at primes p ∈ S (resp. p ∈ S), leading to unconditional results.
The Λ-module X 
. . , S n be distinct CM types contained in S for some n ≥ 1, and let T i = S − S i for each i. Suppose the main conjectures for each S i and the character ψ hold. Then
.
In the case that ℓ = 1, which is to say that S 1 and S 2 differ by only one completely split prime, Theorem 1.1 has a remarkably clean formulation, which to emphasize we state in the case that L S 1 ,ψ and L S 2 ,ψ are relatively prime. Let S i denote the set of primes conjugate to those in S i so that S c = S 1 ∩ S 2 . Definition 1.6. Let L be the maximal abelian pro-p extension of K that is unramified outside of S = S 1 ∪ S 2 , so that X S = Gal(L/K). Let M be the maximal abelian pro-p unramified
(ii) the natural commutator pairing X S × X S → Gal(M/L) is Hermitian with respect to the
We will show that there is a canonical square root for the conjugation action of G = Gal(K/E) on V , and via this square root action, we consider the ψ-isotypical component which we denote 
with kernel supported in codimension at least 3.
To see how one accounts for the torsion in 2 X ψ S in a Galois-theoretic manner, see Theorem 7.7. The significance of this theorem is that when ℓ = 2, a particular graded piece of a higher term in the lower central series of the Galois group of the maximal unramified outside S pro-p extension K (p) S of K arises when one seeks a Galois-theoretic interpretation of natural modules defined by p-adic L-functions.
We end this introduction with comments on potential research directions. It is natural to consider how to generalize Theorem 1.7 to the case ℓ > 2. A first step is to give a Galois-theoretic interpretation of Congruences between Eisenstein series and cusp forms play a key role in proofs of one of the divisibilities in main conjectures. That is, the existence of residually-reducible Galois representations with certain ramification behavior leads to lower bounds for the support of Selmer groups.
One can ask how to apply this technique to study the higher codimension behavior of Iwasawa modules. In particular, studying congruences between Hida families modulo Eisenstein ideals attached to Λ-adic Eisenstein series with constant terms arising from different p-adic L-functions appears a promising avenue for understanding the higher Chern classes of Iwasawa modules.
Duality
Let p be a prime, let E be a number field, and let F be a finite Galois extension of E of prime-to-p degree. We suppose that F has no real places if p = 2. Let ∆ = Gal(F/E). Let K be a Galois extension of E that is a Z r p -extension of F for some r ≥ 1, and set Γ = Gal(K/F ).
Let S = S p,∞ be the set of all primes of E over p and ∞, and let S f be the set of all primes of E over p. For any algebraic extension F ′ of F , let G F ′ ,S denote the Galois group of the maximal extension F ′ S of F ′ that is unramified outside the primes over S.
that is the inverse limit of continuous cochain complexes under corestriction maps, with F ′ running over the finite extensions of F in K. It has the natural structure of a complex of Ω-modules. We let RΓ Iw (K, T ) denote its class in the derived category and H i Iw (K, T ) its ith cohomology group. We similarly let
for any p ∈ S f , where G F ′ P denotes the absolute Galois group of the completion F ′ P . We will use the following notation. For a finitely generated module M over a commutative ring R, let us set
where M ι is the Ω-module M with the new action · ι given by f · ι m = ι(f )m for f ∈ Ω, where ι : Ω → Ω is the continuous Z p -linear involution given on G by inversion. This is a bit cleaner for the purposes of duality, as it alleviates the need to place involutions in the statements of various results. We set
For later use, we note that there are natural isomorphisms of Ω-modules
where M (n) for n ∈ Z is the Ω-module that is M with the modified G-action g · m = χ n p (g)gm for χ p : G → Z × p the p-adic cyclotomic character. Let Σ be a subset of S f . Let Σ c = S f − Σ. We let RΓ Σ,Iw (K, T ) be the class in the derived category of the cone
and define H i Σ,Iw (K, T ) to be its ith cohomology group. We define RΓ Σ c ,Iw (K, T ) and
We have the following two spectral sequences.
]-module that is finitely generated and free over Z p , and let T # be its Z p -dual. There are convergent spectral sequences of Ω-modules
Proof. By definition, we have the commutative diagram of exact triangles (of which we write three terms)
with the dashed arrow being the induced morphism. The derived versions of Poitou-Tate and Tate duality, as found in [12] , then yield isomorphisms in the derived category of finitely generated Ω-modules [12] , and this can be found in a more general context in [11] .)
Let us now focus on the case of Z p (1)-coefficients.
, and H 3 Σ,Iw (K, Z p (1)) vanishes unless Σ c is empty, in which case it is isomorphic to Z p as an Ω-module.
Proof. The first statement is a consequence of the fact that G E,S and G Ep for all p ∈ S f have p-cohomological dimension 2, the vanishing in degree 0 following from the fact that Γ is infinite.
The first map in the exact sequence
is identified via duality (i.e., invariant maps) with the summation map w∈Σ c
K is the set of places of K over places in Σ c . The second statement follows.
Let X Σ denote the Σ-ramified Iwasawa module over K. Let X ♭ Σ denote the maximal quotient of X Σ that is completely split at the primes in S f − Σ. We also set
For p ∈ S f , let G p denote the decomposition group in G at a place over the prime p in K, and
, which has the natural structure of a left Ω-module. Set
be the kernel of the sum of the augmentation maps.
For p ∈ S f , let Γ p = G p ∩ Γ be the decomposition group in Γ at a prime over p in K, and let
we have the following.
Let D p denote the Galois group of the maximal abelian, pro-p quotient of the absolute Galois group of the completion K p of K at a prime over p. Define I p to be the inertia subgroup of D p .
We have completed tensor products
These have the structure of Ω-modules by left multiplication. Set
There is a canonical exact sequence
Proof. We have a long exact sequence
By Poitou-Tate duality, the second term is X S f , and by Tate duality, the first term is D Σ c , and the cokernel of the resulting restriction map
Via the invariant maps of local class field theory, the group
, and again by class field theory, the map K Σ c → Z p is given by summation.
In the remainder of this section, we make the following hypothesis:
Hypothesis 2.5. The field K contains all p-power roots of unity.
This allows us to pull twists out of our Iwasawa cohomology groups and to apply Weak
Leopoldt where helpful. One could remove this assumption with appropriate modifications, but we do not need to do so for our applications.
Using the spectral sequences of Proposition 2.1, we obtain the following.
and for i ≥ 1, there are isomorphisms
of Ω-modules. If Σ = S f , then the above statements hold upon localization at any prime of Ω outside the support of Z p , while if Σ = ∅, they hold outside the support of Z p (1).
More precisely, if Σ = S f , then (2.6) becomes exact upon replacing the rightmost zero by Z p , and the maps in (2.7) are isomorphisms for i ≥ 2. For i = 1, the map in (2.7) is surjective with procyclic kernel unless it happens that r = 2 and it is injective with finite cyclic cokernel.
Proof. Let us first suppose that Σ / ∈ {∅, S f }, and consider the spectral sequence F i,j
of Proposition 2.1. By Lemma 2.2 and the fact that Σ = ∅ (resp., Σ = S f ), we have F i,j 2 (Z p ) = 0 unless j ∈ {1, 2} (resp., F k (Z p ) = 0 unless k ∈ {1, 2}). The spectral sequence then yields an exact sequence of base terms
and isomorphisms
We then obtain our results by applying two isomorphisms: the first
1 by the vanishing of the terms H i,0 (Z p ) that occurs since Σ = S f , and the second
follows by our assumption that K contains all p-power roots of unity. If Σ = ∅, then we have
by [2, Cor. A.13]. The above arguments go through so long as we localize all terms at a prime of Ω outside of the support of Z p (1), as well as if r = 1.
For the more precise statements for Σ = S f , we can use the results of [2] , as we explain. Set 
and isomorphisms E i (U )
If r ≥ 3, or if r = 2 and the map Y * S f → Z p is zero, we can substitute in the resulting isomorphism
groups for i ≥ r (see [2, Cor. A.9] ). For r = 1, this implies that the map E 1 (U ) → Z p given by taking Ext-groups of (2.11) is an isomorphism, forcing the map Z p → E 1 (U ) in (2.10) to also be an isomorphism, hence the result.
Finally, suppose that r = 2 and the map Y * S f → Z p of (2.11) is nontrivial, hence has image isomorphic to Z p . Taking Ext-groups, we then have an exact sequence of the form
in which the first term is finite (again by [2, Cor. A.9]). Since E 3 (Y ∅ ) is finite as well, it follows that the map Z p → E 1 (U ) in (2.10) must be injective, and so we also have an exact sequence
From these two sequences and a simple application of the snake lemma, we obtain that the (1) is injective with finite cokernel.
is zero for all i ≥ 2.
Proof. We apply Proposition 2.7 with Σ and Σ c reversed.
, and the isomorphisms of (2.7) tell us that E i (Y Σ ) = 0 for all i ≥ 3. Since Y * * Σ = 0, the exact sequence (2.6) gives the remaining statements.
Remark 2.9. The result of Corollary 2.8 remains true for Σ = S f after localization at a prime away from the support of Z p (1) (and without localization if r = 1), as follows by Proposition 2.7.
Let us set Z Σ = Z p if Σ = S f and r ≥ 2, and we set Z Σ = 0 otherwise. 
Proof. By Corollary 2.8 and Remark 2.9, we have
and E i Ωq (Y Σ,q ) = 0 for all i ≥ 2. Since Y Σ,q is a finitely generated module over the regular local ring Ω q with vanishing higher Ext-groups to Ω q , it is free (cf. [1, (4.12) 
]).
Proposition 2.11. For any subset nonempty subset P of Σ, we have a map of exact sequences
of Ω-modules in which the vertical maps are the canonical ones. If the primes of K over each p ∈ P have infinite residue field degree, then D P = I P and E 1 (K P ) = 0.
Proof. The exactness of the lower sequence was shown in Proposition 2.7. The exactness of the upper sequence is shown in [2, Thm. 4.1.14] via the spectral sequence of derived Tate duality (see (2.12) below), and the map of exact sequences from the corresponding map of spectral
, and E 1 (K P ) = 0 follows from Remark 2.3 and r p ≥ 2 (since K is assumed to contain all p-power roots of unity and its completion at p to contain the unramified Z p -extension).
Let us refine the above result in the local setting.
Moreover, the following statements hold.
is Ω-free and fits in an exact sequence
and
, and there is an exact sequence
Proof. The local spectral sequence in the proof of Proposition 2.1 for T = Z p has the form
the spectral sequence (2.12) yields an exact sequence
and isomorphisms We note that Lemma 2.12 tells us that the reflexive Ω-module D * p is not free if r p ≥ 3, since in that case its first Ext-group is nonzero. The following corollary is proven in the same manner as Theorem 2.10 but using Lemma 2.12. 
CM fields
We set Γ = Gal( E/E).
As before, we let r = rank Zp Γ and r p = rank Zp Γ p , and we also set
(ii) The extension E/E has infinite residue field degree at p.
Proof. Define Γ + and Γ − to be the +1 and −1 eigenspaces of Γ under complex conjugation. We view Γ ± as quotients of Γ. As no place over p splits completely in the cyclotomic Z p -extension of a number field, we have rank Zp (Γ + ) p ≥ 1 for each p, with equality if Leopoldt's conjecture holds, since in that case rank Zp Γ + = 1. Noting that the p-Hilbert class field of E has finite degree over E, class field theory provides an exact sequence On the other hand, by local class field theory, the Z p -rank of the maximal pro-p quotient of
G ab
Ep is equal to that of the pro-p completion of E × p , which is d p + 1. Thus r p ≤ d p + 1 as well, so we have (i). As the image of O × Ep in Γ p has rank equal to d p < r p by the above, E/E has infinite residue field degree at p, so we have (ii).
We let ψ denote a one-dimensional character of the absolute Galois group of E of finite order prime to p, and we let E ψ denote the fixed field of its kernel. We set F = E ψ (µ p ) and ∆ = Gal(F/E). Let ω denote the Teichmüller character of ∆. We set K = F E. We take G = Gal(K/E). We shall make the identification Γ = Gal(K/F ) for the isomorphism given by As mentioned, for a p-adic CM type Σ, the Λ-module X ψ Σ is torsion. We will use L Σ,ψ to denote a generator of c 1 (X ψ Σ ). The Iwasawa main conjecture for Σ and the character ψ states that L Σ,ψ can be taken to be the Katz p-adic L-function for Σ and ψ (or more precisely a power series that determines it).
For p ∈ S f , let ∆ p be the decomposition group in ∆ = Gal(F/E). We have K 
is zero unless j = r p and ωψ −1 | ∆p = 1. If nonzero, the latter Λ-module is isomorphic to 
The codimension s primes of W [[Γ]] in the support of the latter module have the form
where q ′ i is a positive divisor of q i for each i, and Φ n is the nth cyclotomic polynomial.
where χ p denotes the p-adic cyclotomic character on Γ. 
Exterior powers
In this section, we prove some abstract lemmas on exterior powers that we shall use in our study. We fix an integral domain R. For a finitely generated R-module M , let ℓ M denote the ℓth exterior power of M over R. Let T n (M ) denote the maximal submodule of M that is supported in codimension at least n. Let Fitt(M ) denote the 0th Fitting ideal of M . For brevity of notation, we set Q(M ) = R/ Fitt(M ) and M ′ = M/T 1 (M ). We use the notation c n (M ) for the nth Chern class if the support of M has codimension at least n and set t n (M ) = c n (T n (M )) in general. We will identify t 1 (M ) with the usual characteristic ideal of the torsion submodule
Let X and F be R-modules of rank ℓ ≥ 1 with F free. Let λ : X → F be an R-module homomorphism with torsion kernel T 1 (X ) and torsion cokernel E, which in our applications will be pseudo-null. The induced homomorphism ℓ λ : ℓ X → ℓ F on exterior powers fits in an exact sequence
essentially by definition. 
where the leftmost map has pseudo-null kernel with support contained in that of the Λ-modules Q(B i ).
Proof. For 1 ≤ i ≤ n, since I i → J i is injective with pseudo-null cokernel, the sequence of morphisms
is exact when localized at any codimension one prime of R. We conclude that
Since J i and F are free of rank ℓ, we see from (4.2) that the exterior power ℓ J i is equal to the free rank one submoduleL i · ℓ F of ℓ F.
We have a commutative diagram of R-modules with exact rows
We can pick generators for the free rank one R-modules ℓ J i and ℓ F so that the map g : R n → R has the form g(α 1 , . . . , α n ) = n i=1L i α i . The snake lemma then yields an exact sequence of R-modules on cokernels as in the statement, where the kernel of the first map is the cokernel of the map ker g → ker g ′ induced by h.
Corollary 4.2. In the notation of Lemma 4.1, there are isomorphisms
and we have an exact sequence of pseudo-null modules
where g, g ′ , and h are as in (4.3). In particular, if Q(B i ) = 0 for all i thenL i ∈ Fitt(E) for all i and (4.4) becomes a short exact sequence 
where g(α 1 , . . . , α n ) = n i=1L i α i , the map h is induced by the canonical quotient map R n → n i=1 Q(B i ), and g ′ is the map induced by g. Alternatively, we have
where α i denotes the image of α i ∈ R in Q(B i ).
Main theorems
We keep the notation and assumptions of Section 3. Recall that for a compact Ω-module A, we denote by ℓ A ψ the ℓth exterior power of A ψ over Λ. Moreover, if A ψ is a finitely generated Λ-module, then Fitt(A ψ ) denotes its 0th Fitting ideal in Λ.
For n ≥ 1, let S 1 , . . . , S n be distinct CM types of primes over p viewed as subsets of the set S f of all primes over p in E. Let S = n i=1 S i . The complement of S is then given by
Recall that r p = d p + 1 ≥ 2 for each p ∈ S f by Lemma 3.1, so by Remarks 2.6 and 2.3, we have that I P = D P , that X P → X ♭ P is an isomorphism, that K P is supported in codimension min{r p | p ∈ P }, and that X P → Y P is an injective pseudo-isomorphism for every P ⊂ S f . We will use these facts without further reference.
Since we next work with eigenspaces that are Λ-modules, it is useful to compare their support with those of the original Ω-modules. For this, we have the following remark. 
We may now state and prove our first main theorem. 
Then we have an isomorphism of
Proof. Let q be a prime of Λ. If X ψ S,q is free, then we have an isomorphism 
So, Y ψ S,q is free for q not in the support of (X Together, the above conditions say that the desired isomorphism holds if we avoid primes in the support of
This may be simplified to the statement of the theorem by the following observations. If n = 1, then S = S f , so Z ψ S = 0, and T = ∅, so K T = 0. Moreover S c = S in this case. If n ≥ 2, then note that S = S c ∪ T and T ⊂ S. Both S and its conjugate set S have more than one element, which tells us that Z 
as Λ-modules as well), but we have written it as we have to exhibit a certain symmetry.
Definition 5.4. Let U p,ψ (resp. U p,ψ ) denote the set of codimension two primes of Λ in the support of
Define Z Σ,ψ to be the free abelian group on V Σ,ψ = U Σ c ,ψ ∪ U Σ,ψ .
Remark 5.5. By the discussion of Section 3, the set U p,ψ is nonempty if and only if r p = 2 and
Similarly, U p,ψ = ∅ if and only if r p = 2 and ωψ −1 | ∆p = 1, in which case (K
The groups Γ p ⊗ Zp Q p and Γ p ⊗ Zp Q p are the same inside Γ ⊗ Zp Q p if p and p are conjugate primes in S f . For any CM type Σ, we have
from the proof of Lemma 3.1. Thus, if p and p ′ are distinct, non-conjugate primes, then Γ p ∩ Γ p ′ has rank at most one and r ≥ 3, so (1), we have that U p,ψ ∩ U p ′ ,ψ = ∅ for all p, p ′ ∈ S f , as can also be seen from Remark 3.4.
The following theorem is an extension of Theorem 1.1 without its assumption on ψ. In Theorem 5.8 below, we will provide a more general result in which we eliminate the appearance of Z S,ψ at the cost of introducing kernels and cokernels of maps between pseudo-null modules which are difficult to compute explicitly.
and we have a congruence of second Chern classes
Proof. To match the notation of Section 4 and Lemma 4.1, let R be the localization of Λ at a codimension two prime q not in V S,ψ , and set X = X ψ S,q and F = (X ψ S,q ) * * . Since q / ∈ U S c ,ψ , Lemma 2.4 tells us that the injection
) (1) q is an isomorphism. By Proposition 2.11, we then
)(1) q , so θ 1 is a unit. Moreover, Q(E) is pseudo-null as the cokernel of the map from ℓ X to its reflexive hull.
We also set
The canonical maps I i → J i are isomorphisms of free Λ q -modules by Corollary 2.13 since q / ∈ U T ,ψ . We may therefore identify the image ( 
Proof. The equivalence of (i) and (ii) follows from [2, Lem. A.3]. The fact that (ii) and (iii) are equivalent follows from the fact that the length of the localization of a module at a prime is a nonnegative integer when this localization has finite length.
The following result provides a more general version of Theorem 5.6.
α i , and let C S,ψ be the cokernel of the map 
Proof. Let q be a codimension 2 prime of Λ. Then the localization Y * * S,q is free as a reflexive module over the local ring Λ q of Krull dimension 2. Note that (Z p ) q = 0 if r ≥ 3, and the We have ℓ = 1 in Theorem 5.6 if and only if n = 2 and the CM types S 1 and S 2 differ by only one prime, which is of degree 1 (i.e., r p = 2). In this case, we obtain the following more explicit results. In particular, Proposition 5.9 and Theorem 5.11 imply Theorem 1.4. 
) * * is a map between free Λ-modules of rank 1, we see that upon appropriate choices of Λ-bases it is given by multiplication by L i . Applying the direct sum of the vertical maps in (5.2) for i ∈ {1, 2}, we get a composite map
on cokernels which is a pseudo-isomorphism by the snake lemma.
, and therefore L 1 and L 2 are relatively prime.
Remark 5.10. We claim that c 2 (E 2 (M )) = c 2 (M ι ) for any finitely generated pseudo-null Λ-module M . We need only verify that E 2 (M ) ι = E 2 Λ (M ) becomes isomorphic to M P upon localization at a height 2 prime P of Λ. As every finitely generated pseudo-null module over Λ P is a direct sum of modules of the form Λ/P m (cf. 
Proof. If E is imaginary quadratic, this is [2, Thm. 5. for i ∈ {1, 2} yield a diagram of exact sequences 0
(Note that Z S = 0 since S = S f , so we have the right exactness in the lower row.) We show that f 3 is an injection up to modules supported in codimension greater than 2, so
From the exact sequence of Lemma 2.4 and the pseudo-nullity of X ωψ −1 Σ , we have an exact sequence of Ext-groups
is an injection, and since Σ c = S = T ∪ Σ, the group E 2 (K
) as a direct summand. It follows that f 3 is an injection.
Since E 3 (K ωψ −1 S,0 ) is supported in codimension greater than 2, using (5.4) and (5.5), we obtain
the last equality following from Remarks 5.5 and 5.10. As in the proof of Proposition 5.9, the cokernel of f 2 is pseudo-null with second Chern class
The cokernel of f 1 is similarly pseudo-null by assumption, and it has second Chern class
again using Remark 5.5. The result now follows. We have a canonical commutator pairing
where [x, y] = xyx −1 y −1 and x is the image of x in Π ab . This is an alternating pairing, and the image of the pairing generates all of Π 1 /Π 2 .
Suppose Φ is a subgroup of the group Aut(Π) of continuous automorphisms of Π. Then Φ acts on all terms in the lower central series of Π. The pairing , is equivariant for this action in the sense that
The following lemma is clear. 
is self-adjoint in the sense that
for all σ ∈ Φ and x, y ∈ Π ab . Here we add an "s" to the subscript so that there is no confusion 
Moreover, suppose that For the remainder of this section, G will be a profinite group and Π will be its maximal pro-p quotient. Let X = Π ab be the maximal abelian, pro-p quotient of Π. Applying Proposition 6.3
in this context, we get a surjective homomorphism
The kernel of θ X is the set of [f ] ∈ H 2 (X, Q p /Z p ) which represent abelian group extensions of X by Q p /Z p . Let us take B = ker(G → X), which is a closed subgroup of G. We have the Hochschild-Serre spectral sequence
Both θ X and the transgression map
are isomorphisms, yielding a composite isomorphism
Proof. The spectral sequence (6.5) and the triviality of H 2 (G, Q p /Z p ) gives a four-term exact sequence of base terms
The inflation map Inf is surjective as Q p /Z p is a direct limit of p-groups and X is the maximal abelian pro-p quotient of Π. Thus Tra is an isomorphism.
We know from Proposition 6.3 that θ X is surjective. Since Tra is an isomorphism, we may write any element in the kernel of θ X as Tra(f ) for some f ∈ Hom(B, Q p /Z p ) X . Then ker(f ) is a subgroup of B such that B/ ker(f ) is a finite cyclic p-group. We have a central extension of pro-p groups
since G/B = X and f is fixed by X. By Proposition 6.3, the statement that θ X (Tra(f )) = 0 is equivalent to the statement that G/ ker(f ) is an abelian group. However, G/ ker(f ) is then an abelian quotient of Π, and X is the maximal abelian quotient of Π. This proves that B/ ker(f )
is trivial in (6.7). But then f is trivial on B, so f = 0.
Remark 6.5. By taking Pontryagin duals, it follows from Lemma 6.4 that if Q is the maximal quotient of Π that is a central extension of X and Z = ker(Q → X) is the abelian pro-p group giving the extension, then
Central self-adjoint extensions
We continue with the notation of Sections 3 and 5, supposing that n = 2 and that ℓ = rank Λ X ψ S = 2. This is equivalent to saying we have two CM types S 1 and S 2 with the property that when S = S 1 ∪S 2 , the sum of the local degrees of the primes in T 1 = S −S 1 is 2, and the same is true for T 2 = S − S 2 . We let K (p) S be the maximal pro-p extension of K inside the maximal
S /K), and let L i denote the fixed field of Π i for i ≥ 1. In particular, using our previous notation, L 1 = L is the maximal abelian pro-p extension of K which is unramified outside of S and X S = Gal(L/K) = Π ab .
The conjugation action ofΠ = Gal(K (p)
S /E) on Π gives a subgroup Φ of Aut(Π) to which one can apply Lemma 6.1, as in Remark 6.2. The resulting pairing
on Π ab is the projection of the commutator pairing to the maximal quotient of Π 1 /Π 2 for which it becomes self-adjoint with respect to theΠ-action.
The actions ofΠ on Π ab and on Π 1 /Π 2 factor through Gal(K/E) = G = ∆ × Γ, where ∆ = Gal(F/E) is finite, abelian and of order prime to p and Γ = Z r p . That is, Π ab = X S and Π 1 /Π 2 are modules for the group ring
The following lemma is clear.
S having the following properties:
(ii) the commutator pairing
resulting from (i) is alternating and self-adjoint with respect to the action of G by conjugation on X S .
Note that H 2 (G K,S , Q p /Z p ) = 0 by the Weak Leopoldt conjecture, since K contains all ppower roots of unity. Thus θ X S of (6.4) is an isomorphism by Lemma 6.4 applied with G = G K,S .
Dually, we then have canonical isomorphisms
Remark 7.2. Since X S is rank two over Ω, and Ω is free of infinite rank over Z p , the (completed) wedge product X S ∧ Zp X S is not finitely generated over Ω. Thus Gal(L 2 /L) is by Lemma 6.4 also not finitely generated over Ω. In other words, the second graded quotient in the lower central series of the maximal pro-p quotient of G K,S is too big for us to readily attach to it invariants arising from finitely generated Ω-modules. We remedy this by taking (completed) wedge products over Ω and considering the associated quotients of Gal(L 2 /L).
From this point forward, we use the notation N for the field N of Lemma 7. (ii) Under the isomorphism in (i), the action of g ∈ G = Gal(K/E) on Gal(N/L) by conjugation corresponds to the action of g 2 on X S ∧ Ω X S which sends
for all g ∈ G and x 1 , x 2 ∈ X S , so if and only if h is self-adjoint for the action of G. In view of the definitions of L 2 and N , this shows (i).
For (ii), note that the commutator pairing is equivariant with respect to conjugation. Thus if
). Since the commutator pairing is G-adjoint when we take its values in Gal(N/L), we find
For part (iii), suppose that for i ∈ {1, 2} we have a character ψ i ∈ Hom(∆, W * ) and an
S is given by
It follows that v 1 ∧ v 2 = 0 if ψ 1 = ψ 2 , and X Let P be one of T 1 or T 2 . We need to characterize the image of 2 Ω I P in 2 Ω X S , for I P associated to inertia groups at the primes over those in P , as defined in (2.4). Proposition 7.5. Let N P be the maximal extension of L inside N such that all the inertia subgroups in Gal(N P /K) of primes over P in N P are abelian. Under the map induced by the commutator pairing, the cokernel of the map I P ∧ Ω I P → X S ∧ Ω X S induced by the canonical map I P → X S is identified with Gal(N P /L).
Proof. We show that the kernel of the restriction map Hom(X S ∧ Ω X S , Q p /Z p ) → Hom(I P ∧ Ω I P , Q p /Z p )
is Hom(Gal(N P /L), Q p /Z p ). Let f ∈ Hom(B, Q p /Z p ) X S determine h = θ X S • Tra(f ) ∈ Hom(X S ∧ Ω X S , Q p /Z p ) via the isomorphism (6.4). We must determine when h has trivial restriction to Hom(I P ∧ Ω I P , Q p /Z p ). The interpretation of h as a commutator pairing says that this will be the case if and only if inside the central extension G K,S / ker(f ) of X S = G K,S /B by B/ ker(f ), the inverse imageĨ P in G K,S / ker(f ) of the image of I P in X S is abelian. The subgroup I ⋄ P ofĨ P generated by inertia groups of primes over P surjects onto I P . So since G K,S / ker(f ) is a central extension of X S by B/ ker(f ), the commutators of any two elements ofĨ P will be trivial if and only if the same is true of I ⋄ P . Thus the condition that h has trivial restriction to Hom(I P ∧ Ω I P , Q p /Z p ) is the same as requiring that I ⋄ P is abelian.
Define M P /L to be the maximal subextension of N/L such that M P /L is unramified at all primes of M P over P . One has M P ⊂ N P because the inertia groups in Gal(M P /K) at primes over P inject into inertia groups of primes over P in the abelian group X S = Gal(L/K), hence are themselves abelian. On the other hand, N P /L need not be unramified at primes over P , so N P may be a nontrivial extension of M P . The following lemma shows that this makes no difference from the point of view of second Chern classes.
Lemma 7.6. The kernel of the surjection Gal(N P /L) → Gal(M P /L) is supported in codimension at least 3.
Proof. Since K ⊂ L ⊂ M P ⊂ N P ⊂ N and Gal(N/K) is finitely generated as an Ω-module, the group Gal(N P /M P ) is finitely generated as an Ω-module. Since M P is the maximal extension of L in N that is unramified over P , it is equal to (N P ) J P for J P the subgroup of Gal(N P /L) generated by the inertia groups of primes of N P over P . Thus Gal(N P /M P ) is generated as an Ω-module by finitely many inertia subgroups J Q of Gal(N P /L) for primes Q over P in N P .
Let p ∈ P , and let Q be a prime of N P above p. By Lemma 3.1(ii) and the definition of N P , the completion of N P at Q is contained in the maximal abelian pro-p extension K ab,(p) p of the completion K p of K at the prime under Q. Since M P /L is completely split at all primes over p, the completions of M P and L at primes under Q are equal. Thus J Q is a quotient of the Galois group H p of K ab,(p) p over the completion of L at the prime under Q. Since the J Q for Q over p ∈ P generate Gal(N P /M P ) as an Ω-module, this implies that Gal(N P /M P ) is a quotient of the Ω-submodule of I P given by
The ψ-isotypical component of (7.1) is contained in the kernel of the homomorphism I By Lemma 7.6, Gal ((N T 1 ∩ N T 2 )/(M T 1 ∩ M T 2 )) is supported in codimension at least 3 as a module for Ω so (7.4) gives (7.2). Substituting these facts into Theorem 5.6, we obtain Theorem 7.7.
